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 Wkh Ghqvlw| ri wkh Vx!flhqw Vwdwlvwlfv iru d




Iluvw yhuvlrq= Qryhpehu 4<<<
Wklv yhuvlrq= Mdqxdu| 5333
Devwudfw
Wklv sdshu ghulyhv wkh h{dfw mrlqw glvwulexwlrq ri wkh plqlpdo vx!flhqw
vwdwlvwlfv lq wkh ￿uvw0rughu DU+4, prgho zlwk Jdxvvldq huuruv dqg }hur vwduw0
xs ydoxh1 Wkh uhvxowv duh ixqgdphqwdo wr dq h{dfw glvwulexwlrq wkhru| iru wkh
vwdwlvwlfv wkdw duh w|slfdoo| ri lqwhuhvw lq wklv prgho1
Nh| zrugv dqg skudvhv= Jdxvvldq DU+4, prgho/ Jhqhudol}hg ixqfwlrqv/
￿Dgguhvv iru Fruuhvsrqghqfh= Ghsduwphqw ri Hfrqrplfv dqg Uhodwhg Vwxglhv/ Xqlyhuvlw| ri
\run/ Khvolqjwrq/ \run \R4 8GG/ XN> h0pdlo= ji:C|run1df1xn
44 Lqwurgxfwlrq
Wkh vlpsoh Jdxvvldq DU+4, prgho







kdv dwwudfwhg dq hqruprxv lqwhuhvw lq erwk wkh vwdwlvwlfdo dqg hfrqrphwulf olwhudwxuh
ryhu pdq| |hduv1 Ghvslwh wkh vlpsolflw| ri wkh prgho/ krzhyhu/ dqg ghvslwh pdq|
h￿ruwv/ yhu| olwwoh surjuhvv kdv ehhq pdgh rq dq h{dfw +￿{hg A, glvwulexwlrq wkhru|
iru wkh vwdwlvwlfv wkdw duh w|slfdoo| ri lqwhuhvw lq +4, +hvwlpdwruv ri 4 dqg j2/w h v w
vwdwlvwlfv/ hwf1,1 Suredeo| wkh ehvw dffrxqw ri wkh uhvxowv wkdw kdyh ehhq zrq lq wklv
frqwh{w lv vwloo wkh errn e| W1 Z1 Dqghuvrq +4<:4,1
Uhfhqwo| wkhuh kdv ehhq d qhz lqwhuhvw lq wkh h{dfw glvwulexwlrq wkhru| iru wkh
Jdxvvldq DU+4, prgho1 Wkh ￿uvw wzr prphqwv ri wkh pd{lpxp olnholkrrg hvwlpdwru
iru 4 duh jlyhq e| Vdzd +4<:;,/ Qdqnhuylv dqg Vdylq +4<;;, dqg Ylqrg dqg Vkhqwrq
+4<<9,1 H{dfw h{suhvvlrqv iru wkh vwdwlvwlfdo fxuydwxuh/ dqg wkh fryduldqfh pdwul{
ri wkh plqlpdo vx!flhqw vwdwlvwlfv duh ghulyhg e| ydq Jdughuhq +4<<:,1 Irufklql
+4<<;, kdv vwxglhg wkh surshuwlhv ri wkh h{dfw ghqvlw| ri wkh ruglqdu| ohdvw vtxduhv
hvwlpdwru ri 4 lq +4,1
Wkh mrlqw ghqvlw| ri + ’E +￿c￿￿￿c+A￿


























|/d q gR ’
SA
|’￿+|+|3￿ duh wkh plqlpdo vx!flhqw
vwdwlvwlfv iru wkh prgho1 Vlqfh wkh ghqvlw| ri + lv lq wkh +fxuyhg, h{srqhqwldo idplo|/
wkh ghqvlw| ri Erfcr ￿cR￿ ehorqjv wr wkh h{srqhqwldo idplo| dv zhoo +Ohkpdqq +4<;9,/




















5zkhuh wkh ixqfwlrq &Erfcr ￿cR￿ grhv qrw ghshqg rq wkh sdudphwhuv E4cj2￿1 Qrwh dovr

























rfcr ￿cRm4 ’f cj
2 ’￿
￿
vr wkdw dwwhqwlrq fdq eh irfxvhg rq wkh mrlqw ghqvlw| ri Erfcr ￿cR￿ iru 4 ’fdqg
j2 ’￿ 1 Wkh ixqfwlrqdo irup ri T_u Erfcr ￿cRm4 ’f cj2 ’￿ ￿lv qrw nqrzq/ |hw/ dqg
dq h{suhvvlrq iru lw lq whupv ri jhqhudol}hg ixqfwlrqv +d vxppdu| ri wkh wkhru|
ri jhqhudol}hg ixqfwlrqv zlwk doo wkh uhvxowv ri lqwhuhvw lv lq wkh Dsshqgl{, zloo eh
surylghg1
5 Mrlqw ghqvlw| ri wkh vx!flhqw vwdwlvwlfv
Rxu dssurdfk lv edvhg rq wkh ixuwkhu ghfrpsrvlwlrq
T_u
￿















Wkh ghqvlw| ri Erfcr ￿￿ lv
T_u
￿

























vr wkdw wkh frqglwlrqdo ghqvlw| ri R jlyhq rf dqg r￿/ zlwk rfr￿ ￿ R2 iru 4 ’fdqg
j2 ’￿ / pxvw wr eh ghulyhg1 Wklv fdq eh grqh e| ￿uvw ghulylqj wkh fkdudfwhulvwlf
ixqfwlrq ri R jlyhq Erfcr ￿￿/ dqg wkhq lqyhuwlqj lw1 Wklv lqyhuvlrq frqvwlwxwhv wkh
pdlq sureohp ehfdxvh wkh fkdudfwhulvwlf ixqfwlrq lv zulwwhq dv dq lq￿qlwh vhulhv iru
zklfk d forvhg irup fdqqrw eh irxqg/ dqg zklfk fdqqrw eh lqyhuwhg whup e| whup1
Krzhyhu/ li wkh fkdudfwhulvwlf ixqfwlrq lv lqwhusuhwhg dv d jhqhudol}hg ixqfwlrq/w k h q
whup e| whup lqyhuvlrq lv doorzhg1
6514 Wkh fkdudfwhulvwlf ixqfwlrq ri R jlyhq Er3cr 4￿










￿￿A3￿7 + n +Ae
￿
A3￿7 +
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lv d A ￿ A pdwul{ dqg eA3￿ lv wkh A ￿ ￿ ￿ ￿ yhfwru eA3￿ ’E f cfc￿￿￿cfc￿￿
￿1
Vhwwlqj 7 + ’ ￿r
￿
2
f / rf ’7 +￿7 +:f/ ￿ ’7 +E7 +￿7 +￿
3￿
2/ ￿ 5 7A3￿/d q g+A ’E r￿ ￿ rf￿
￿*2 ￿/













zkhuh ￿E&￿ ghqrwh wkh jurxs ri & ￿ & ruwkrjrqdo pdwulfhv/ dqg 7& lv wkh vhw ri
&0glphqvlrqdo yhfwruv vdwlvi|lqj ￿￿￿ ’￿ 1 Jlyhq 4 ’fdqg j2 ’￿ / ￿ dqg ￿ duh
xqlirupo| glvwulexwhg rq ￿E&￿ dqg 7A3￿ uhvshfwlyho|/ dqg duh pxwxdoo| lqghshqghqw
dqg duh dovr lqghshqghqw ri rf dqg r￿1 Wkxv/ wkh fkdudfwhulvwlf ixqfwlrq ri R jlyhq











































































Wkh lqwhjudo ryhu 7A3￿ lv lqyduldqw xqghu wkh wudqvirupdwlrq ri ￿A3￿ wr M￿￿A3￿M/
zkhuh M ’_ ￿ @ } E ￿ c￿c￿c￿c￿￿￿￿￿ 5 ￿EA ￿ ￿￿/ ￿ 5 ￿E￿￿ +qrwh wkdw zh frxog dovr




2￿|rf￿￿￿A3￿￿￿/ ￿ 5 ￿E￿￿1 Wkhuhiruh/ dyhudjlqj wkh h{srqhqwldo ryhu ￿E￿￿ dv











E_￿￿’U L td |rf￿
￿￿A3￿￿oc

















H{sdqglqj wkh frvlqhv lq srzhu vhulhv dqg lqwhjudwlqj whup e| whup/ wkh iroorzlqj

























Wr hydoxdwh +43,/ qrwh wkdw ￿ 5 7A3￿ fdq eh zulwwhq dv ￿ ’ e￿
A3￿M zkhuh M 5
M EA ￿ ￿￿ kdv wkh yhfwru ￿ dv lwv odvw froxpq1 Vr wkh lqwhjudo ryhu 7A3￿ fdq eh






































8zkhuh E_M￿ lv wkh qrupdol}hg lqyduldqw phdvxuh rq wkh ruwkrjrqdo jurxs/ ￿d&oE￿￿
ghqrwhv d wrs rughu lqyduldqw sro|qrpldo +Pxlukhdg +4<;5,,/ ￿
d￿ocd&o
d￿n&o E￿c￿￿ lv dq lq0
yduldqw sro|qrpldo zlwk wzr pdwul{ dujxphqwv +Gdylv +4<:<,/ Fklnxvh dqg Gdylv













































Fklnxvh +4<;:, jlyhv phwkrgv iru hydoxdwlqj wkh wrs0rughu Gdylv sro|qrpldov1
































Wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq lv uhdo dqg hyhq/ wkhuhiruh wkh ghqvlw| ri R
jlyhq rf dqg r￿ pxvw eh v|pphwulf1
515 Lqyhuvlrq



















rfr￿ ￿ R ￿
s





2? _| lv qrw frqyhujhqw1 Krzhyhu/ whupzlvh lqyhuvlrq fdq
9eh mxvwl￿hg e| xvlqj wkh wkhru| ri jhqhudol}hg ixqfwlrqv +vhh wkh Dsshqgl{ iru d
vxppdu| dqg ]hpdqldq +4<98, iru pruh ghwdlov,1 Lq rwkhu zrugv wkh ghqvlw| ri R
jlyhq rf dqg r￿ lv uhjdughg dv d ixqfwlrqdo/ kT_uERmrfcr ￿(fc￿￿c)l pdsslqj iurp d
vsdfh ri ￿vprrwk￿ ixqfwlrqv )ER￿ lqwr wkh uhdo qxpehuv1 Wkhvh vprrwk ixqfwlrqv
zloo eh xvhg wr ￿whvw￿ wkh txdqwlw| T_u ERmrfcr ￿(4 ’f cj2 ’￿ ￿lq wkh vhqvh wkdw wklv
lv hydoxdwhg e| dyhudjlqj lw zlwk uhvshfw wr wkh whvwlqj ixqfwlrqv lq d ￿qlwh lqwhuydo
derxw R/




R 5 d@cKo1 Xvlqj gl￿huhqw whvwlqj ixqfwlrqv )/ lw fdq lqihu zkdw wkh txdqwlw|
T_u ERmrfcr ￿(fc￿￿ orrnv olnh1 Wkh dgydqwdjh ri wklv dssurdfk lv wkdw zkdw lv ￿whvwhg￿
grhv qrw qhhg wr eh d ixqfwlrq dw doo/ dqg wkdw pdq| rshudwlrqv zklfk duh qrw do0
orzhg iru ixqfwlrqv duh ohjlwlpdwh iru jhqhudol}hg ixqfwlrqv +]hpdqldq +4<98,,1
Dffruglqj wr Wkhruhp 4 lq wkh Dsshqgl{/ d vhulhv frqyhujlqj srlqwzlvh lv frq0
yhujhqw dv d jhqhudol}hg ixqfwlrq/ dqg/ wkxv/ wkh lqyhuvh Irxulhu wudqvirup fdq eh
wdnhq whup e| whup/ dqg wkh uhvxowlqj vhulhv lv frqyhujhqw wr d jhqhudol}hg ixqfwlrq/
wrr +Wkhruhp 5 lq wkh Dsshqgl{,1 Wkhuhiruh/
T_u
￿



















E6￿ ghqrwhv wkh ghulydwlyh ri rughu 6 ri wkh ￿ghowd ixqfwlrq￿ +vhh wkh Ds0
shqgl{,/ ￿
s
r￿rf ￿ R ￿
s
r￿rf/ dqg @? Erfcr ￿￿ lv gh￿qhg lq +46,1
Wkh mrlqw ghqvlw| ri ERcrfcr ￿￿ lv/ wkxv
T_u
￿






























:r￿ :r f : fc
￿
s
r￿rf ￿ R ￿
s
r￿rf￿
Lw lv lpsruwdqw wr hpskdvl}h djdlq/ wkdw wkh h{suhvvlrq +48, iru wkh mrlqw ghqvlw|
ri wkh vx!flhqw vwdwlvwlfv lv qrw d ixqfwlrq/ exw d jhqhudol}hg ixqfwlrq1
Uhpdunv1
41 Ohw 7 Es￿’i| 5 U G s E|￿ 9’f j eh wkh vxssruw ri s1 Wkh vxssruw ri B
E&￿ E|￿
lv ifj iru doo & ￿ f1 Krzhyhu/ rqo| d ￿qlwh olqhdu frpelqdwlrq ri wkh ghowd
ixqfwlrq dqg lwv ghulydwlyhv kdv vlqjxodu vxssruw +l1h1 frqvlvwlqj ri d srlqw
rqo|,1 Wkhuhiruh/ h{suhvvlrq +48, grhv qrw kdyh d vlqjxodu vxssruw1
51 Wkh mrlqw ghqvlw| ri ERcrfcr ￿￿ ghshqgv rq mRm ehfdxvh B
E2￿￿ E￿R￿’B
E2￿￿ ER￿/
dqg lv wkxv v|pphwulf lq R1
61 T_u ERcrfcr ￿￿ lv dq ￿xowudglvwulexwlrq￿/ l1h1 d frqwlqxrxv olqhdu ixqfwlrqdo rq
wkh vsdfh ri whvwlqj ixqfwlrqv zkrvh Irxulhu wudqvirupv duh lq wkh vsdfh ri
frpsoh{0ydoxhg ixqfwlrqv wkdw kdyh frqwlqxrxv ghulydwlyhv ri doo rughu dqg
duh }hur rxwvlgh vrph ￿qlwh lqwhuydo1
71 Lw lv gl!fxow wr rewdlq wkh pdujlqdo ghqvlwlhv ri wkh vwdwlvwlfv ri lqwhuhvw iurp
wkh mrlqw ghqvlw| ri wkh plqlpdo vx!flhqw vwdwlvwlfv/ ehfdxvh lw lv qrw fohdu
zkhwkhu lqwhjudwlrq dqg vxppdwlrq fdq eh lqwhufkdqjhg1
81 Wkh whfkqltxh xvhg fdq eh jhqhudol}hg wr wkh fdvh zkhuh +f 9’f / dqg srvvleo|
wr pxowlyduldwh prghov1
91 Jhqhudol}hg ixqfwlrqv pljkw eh xvhg wr vlpsoli| wkh ghulydwlrq ri dv|pswrwlf
h{sdqvlrqv1 Wklv srlqw lv fxuuhqwo| xqghu lqyhvwljdwlrq1
;:1 Wkh lghd ri ghulylqj wkh ghqvlw| ri R frqglwlrqdo rq Erfcr ￿￿ fdq eh xvhg wr
￿qg wkh ghqvlw| ri rwkhu whvwv vwdwlvwlfv1 Iru h{dpsoh/ wkh pd{lpxp olnholkrrg




























Wkh uhvxow jlyhq lq htxdwlrq +6, surylghv wkh edvlv iru dq h{dfw glvwulexwlrq wkhru|
iru wkh pd{lpxp olnholkrrg hvwlpdwruv iru 4 dqg j2/ dv zhoo dv iru rwkhu vwdwlvwlfv
wkdw duh ri lqwhuhvw/ vxfk dv whvw vwdwlvwlfv iru ydulrxv k|srwkhvhv derxw 41
Lw vhhpv sodxvleoh wkdw wkh phwkrgv xvhg lq wklv sdshu pljkw eh fdsdeoh ri gh0
olyhulqj dqdorjrxv h{dfw uhvxowv iru kljkhu0rughu prghov/ zlwk irupxodh jhqhudol}lqj
htxdwlrq +6,1 Krzhyhu/ vlqfh wkh qxpehu ri vx!flhqw vwdwlvwlfv lq d kljkhu0rughu
prgho lv odujhu/ wkh surfhgxuh pljkw qrw eh vr vwudljkwiruzdug lq vxfk fdvhv1
Dfnqrzohgjhphqwv1 Wkdqnv duh gxh wr Iudqfhvfr Eudyr/ Sdwulfn Pduvk dqg
dq xqnqrzq uhihuhh iru frpphqwv zklfk lpsuryhg wkh suhvhqwdwlrq ri wkh sdshu1
7 Uhihuhqfhv
Dqghuvrq/ W1Z1 +4<:4,/ Wkh Vwdwlvwlfdo Dqdo|vlv ri Wlph Vhulhv/ Mrkq Zloh| )
Vrqv/ Qhz \run1
Fklnxvh/ \1 +4<;:,/ Phwkrgv iru Frqvwuxfwlqj Wrs Rughu Lqyduldqw Sro|qrpldov/
Hfrqrphwulf Wkhru|/ 6/ 4<8053:1
Fklnxvh/ \1 dqg D1Z1 Gdylv +4<;9,/ D Vxuyh| rq wkh Lqyduldqw Sro|qrpldov zlwk
Pdwul{ Dujxphqwv lq Uhodwlrq wr Hfrqrphwulf Glvwulexwlrq Wkhru|/ Hfrqrphwulf
Wkhru|/ 5/ 565057;1
<Gdylv/ D1Z1 +4<:<,/ Lqyduldqw Sro|qrpldov zlwk Wzr Pdwul{ Dujxphqwv H{whqglqj
wkh ]rqdo Sro|qrpldov= Dssolfdwlrqv lq Hfrqrphwulfv/ Dqqdov ri wkh Lqvwlwxwh ri
Vwdwlvwlfdo Pdwkhpdwlfv/ 6;/ Sduw D/ 43<04551
Irufklql/ J1 +4<<;,/ Wkh Glvwulexwlrq ri wkh Vhuldo Fruuhodwlrq Frh!flhqw/ Plphr
Kxuzlf}/ O1 +4<83,/ Ohdvw0Vtxduhv Eldv lq Wlph Vhulhv/ lq= W1F1 Nrrspdqv +hg1,/
Vwdwlvwlfdo Lqihuhqfh lq G|qdplf Hfrqrplf Prghov/ Frzohv Frpplvvlrq iru Uhvhdufk
lq Hfrqrplfv/ Prqrjudsk Qr1 43/ Fkdspdq ) Kdoo/ Orqgrq1
Ohkpdqq/ H1O1 +4<;9,/ Whvwlqj Vwdwlvwlfdo K|srwkhvhv/ +5qg Hg1,/ Mrkq Zloh| dqg
Vrqv/ Qhz \run1
Pxlukhdg/ U1M1 +4<;5,/ Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru|/ Mrkq Zloh| )
Vrqv/ Lqf1 Qhz \run1
Qdqnhuylv M1F1 dqg Q1Z1 Vdylq +4<;;,/ Wkh H{dfw prphqwv ri wkh Ohdvw Vtxduhv
Hvwlpdwru iru wkh Dxwruhjuhvvlyh Prgho= Fruuhfwlrqv dqg H{whqvlrqv/ Mrxuqdo ri
Hfrqrphwulfv/ 6:/ 6;406;;1
Vdzd/ W1 +4<:;,/ Wkh H{dfw Prphqwv ri wkh Ohdvw Vtxduhv Hvwlpdwru iru wkh Dx0
wruhjuhvvlyh Prgho/ Mrxuqdo ri Hfrqrphwulfv/ ;/ 48<04:51
ydq Jdughuhq/ N1M1 +4<<:,/ H{dfw Jhrphwu| ri H{sorvlyh Dxwruhjuhvvlyh Prghov/
FRUH glvfxvvlrq sdshu Qr1 <:9;1
Ylqrg K1G1 dqg O1U1 Vkhqwrq +4<<9,/ H{dfw Prphqwv iru Dxwruhjuhvvlyh dqg Udq0
grp Zdon Prghov iru d ]hur ru Vwdwlrqdu| Lqlwldo Ydoxh/ Hfrqrphwulf Wkhru|/4 5 /
7;407<<1
]hpdqldq/ D1K1 +4<98,/ Glvwulexwlrq Wkhru| dqg Wudqvirup Dqdo|vlv/ Gryhu Sxeol0
fdwlrqv Lqf1/ Qhz \run1
438 Dsshqgl{= Uhylhz ri Vrph Wkhru| ri Jhqhu0
dol}hg Ixqfwlrqv
Wkhuh duh wzr zd|v ri hydoxdwlqj d ixqfwlrq1 Wkh ￿uvw rqh lv wkh vwdqgdug rqh>
s E%￿ lv hydoxdwhg dw hdfk sduwlfxodu srlqw %= % $ s E%￿1 Wkh vhfrqg rqh uhtxluhv dq
dyhudjlqj ri s E%￿ zlwk uhvshfw wr dqrwkhu ixqfwlrq ￿E%￿/v d | =% $
U K
@ s E|￿￿E|￿_|/
% 5 d@cKo1 Wkh odvw dssurdfk ohdgv wr jhqhudol}hg ixqfwlrqv1
Ohw G e hw k hv s d f hr i+ whvwlqj ixqfwlrqv, frpsoh{0ydoxhg ixqfwlrqv ￿E|￿ wkdw
kdyh frqwlqxrxv ghulydwlyhv ri doo rughu dqg duh }hur rxwvlgh vrph ￿qlwh lqwhuydo1
D jhqhudol}hg ixqfwlrq ksc￿l lv d ixqfwlrqdo s rq wkh vsdfh G wkdw vdwlv￿hv +l,
+olqhdulw|, ksck￿￿ n q￿2l ’ kksc￿￿l n qksc￿2l iru dq| ￿￿ dqg ￿2 lq G dqg dq|
frpsoh{ qxpehuv k dqg q> dqg +ll, +frqwlqxlw|, iru dq| vhtxhqfh ri whvwlqj ixqfwlrqv
i￿?j
"
?’￿ wkdw frqyhujhv lq G wr ￿E|￿ wkh vhtxhqfh ri qxpehuv iksc￿?lj
"
?’￿ frqyhujhv
wr ksc￿l1 Wkh vsdfh ri jhqhudol}hg ixqfwlrqv gh￿qhg rq G lv ghqrwhg e| G￿1
H{dpsoh 41 Ohw s E|￿ eh d orfdoo| lqwhjudeoh ixqfwlrq +l1h1 Ohehvjxh lqwhjudeoh
ryhu hyhu| ￿qlwh vhw,1 D uhjxodu jhqhudol}hg ixqfwlrq fdq eh jhqhudwhg e| ksc￿l ’
U
U s E|￿￿E|￿_|1 Qrwh wkdw li ksc￿l ’ k}c￿l wkhq s ’ } d1h11
H{dpsoh 5 Wkh ghowd ixqfwlrq/ B/ lv gh￿qhg e| wkh htxdwlrq kBc￿l ’
U
U BE|￿￿E|￿_| ’ ￿Ef￿1 Qrwh wkdw wkh ghowd ixqfwlrq lv qrw d ixqfwlrq1 Li s E|￿
lv d slhfhzlvh frqwlqxrxv ixqfwlrq vxfk wkdw
U
U ms E|￿m_| ￿ 4 dqg
U
U s E|￿_| ’￿
wkhq %s E%|￿ $ BE%￿ dv % $4 1
Wkh ghulydwlyh s￿ ri d glvwulexwlrq s lv gh￿qhg e| ks￿c￿l ’ ￿ksc￿
￿l1 Lq jhqhudo











H{dpsoh 61 Wkh ￿uvw ghulydwlyh ri wkh ghowd ixqfwlrq B


























li m|m ￿ ￿ /d v@ $ f1 Wkh ghulydwlyhv ri wkh ghowd
ixqfwlrq fdq eh dssur{lpdwh e| wkh ghulydwlyh ri ￿@ E|￿1
44Gh￿qlwlrq 4 Wkh vhtxhqfh ri glvwulexwlrqv is?j
"
?’￿ frqyhujhv lq G￿ li/ iru hyhu| ￿
lq G/ wkh vhtxhqfh ri qxpehuv iks?c￿lj
"
?’￿ frqyhujhv1 Li is?j
"
?’￿ frqyhujhv lq G￿
wr wkh ixqfwlrqdo s/ wkhq s lv dovr d glvwulexwlrq1
Wkhruhp 4 +]hpdqldq +4<98,/ Wkhruhp 51604,1Ohw is? E|￿j
"
?’￿ eh d vhtxhqfh ri or0
fdoo| lqwhjudeoh ixqfwlrqv wkdw frqyhujhv srlqwzlvh doprvw hyhu|zkhuh wr wkh ixqfwlrq
s E|￿ dqg ohw doo wkh ixqfwlrqv s? E|￿ eh erxqghg lq pdjqlwxgh e| d orfdoo| lqwhjudeoh
ixqfwlrq1 Wkhq/ s E|￿ lv orfdoo| lqwhjudeoh dqg wkh fruuhvsrqglqj vhtxhqfh ri uhjxodu
jhqhudol}hg ixqfwlrqv is? E|￿j
"
?’￿ frqyhujhv lq G￿ wr wkh uhjxodu jhqhudol}hg ixqfwlrq
s E|￿1
Qrwh wkdw li is? E|￿j
"
?’￿ lv d vhtxhqfh ri orfdoo| lqwhjudeoh ixqfwlrqv zklfk frq0
yhujh xqlirupo| rq U wkhq lw frqyhujhv dv d jhqhudol}hg ixqfwlrq1








￿- ’i  Tik|j1
Ohw I ghqrwh wkh Irxulhu wudqvirup1 Wkhq/ wkh Irxulhu wudqvirup ri d jhqhudol}hg
ixqfwlrq s lv gh￿qhg e| kI Es￿c￿l ’ kscI E￿￿l1O h w ] eh wkh vsdfh ri whvwlqj
ixqfwlrqv zkrvh Irxulhu wudqvirupv duh lq G/ dqg ghqrwh ]￿ wkh vsdfh ri frqwlqxrxv
olqhdu ixqfwlrqdov rq ] +xowudglvwulexwlrqv,1 Wkhq wkh iroorzlqj uhvxow krogv1
Wkhruhp 5 +]hpdqldq +4<98,/ Wkhruhp :1;04,1 Wkh Irxulhu wudqvirupdwlrq lv
d frqwlqxrxv olqhdu pdsslqj ri G￿ rqwr ]￿1 Khqfh li
S"
￿’￿}￿ frqyhujhv lq G￿ wr
}/w k h qI E}￿’
S"
￿’￿ I E}￿￿/ zkhuh wkh odvw vhulhv frqyhujhv lq ]￿1 Wkh lqyhuvh
Irxulhu wudqvirupdwlrq kdv wkh vdph surshuwlhv dv d pdsslqj ri ]￿ rqwr G￿1
45